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Abstract 
Ultrasonic through-transmission techniques have been widely used along decades for determining the elastic 
constants of anisotropic composite materials. This work presents a new methodology that takes into account not 
only the transmitted waves but also the multiple reflections inside the sample. The superposition of different 
reflected waves are theoretically and experimentally identified and excluded, which avoids the distortion caused by 
pulse superposition. Additionally, the results of the Christoffel tensor optimization are evaluated in the reflected 
waves, improving the results validation. Experimental results using unidirectional carbon-matrix composite samples 
used in the aeronautical industry are presented. 
© 2015 The Authors. Published by Elsevier B.V. 
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1. Introduction 
Ultrasonic through-transmission techniques for determining the elastic constants of anisotropic composite 
materials have been widely used since the seventies [1]. The usual methodology consists in measuring the time of 
flight of the transmitted ultrasonic wave inside a material sample for different incident angles, and then using these 
data to adjust the Christoffel tensor [2]. Although this technique is well known, its application depends on the 
correct identification of the wave types inside the sample. The aim of the present work is to present the use of the 
multiple reflections inside the sample to improve the measurements. There are two main advantages of considering 
the multiple wave reflections. First, when the incident angle is changed, the received signal is composed by the 
superposition of different transmitted pulses. In an anisotropic material, three different velocities can be obtained as 
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a solution of the Chirstoffel’s equation [3]. Additionally, each transmitted wave can reflect inside the material 
producing multiple echoes.  For large angles the secondary reflections overlaps with the direct transmitted pulses. In 
the present work all superposition of different reflected waves are theoretically and experimentally identified, which 
facilitates the selection of the sub-sets of experimental data without distortion caused by superposition. The second 
advantage is related to the validation of the results. If all echoes are reproduced by the model the predicted results 
are more reliable. Figure 1 presents the experimental setup that consists in an automatized goniometer with a large 
aperture PVDF receiver to minimize diffraction effects [4].   
 
 
 
 
 
 
 
 
 
 
Fig. 1. a) Transmitted waves in an anisotropic plate. b) Experimental setup. 
2. Theory 
Chirstoffel equation gives the solution for the phase velocities of mechanical waves in the bulk of solid materials.  
The problem can be reduced to determine the eigenvalues of the Christoffel tensor [5].  
     ห߁௝ǡ௞ െ ߩܸଶߜ௝ǡ௞ห ൌ Ͳ      (1) 
Here *j,k are the components of the tensor, U is the density and V are the solutions for the phase velocity. The 
values of *j,k depends both on the elastic tensor and the propagation direction. As the Christoffel tensor is 
symmetric, there will be up to three different waves that can propagate each of them with a different phase velocity 
V. The solution also allows the determination of the three polarization vectors corresponding to each phase velocity. 
Depending on the material symmetry, the number of independent constants in the elastic tensor must be different. In 
the example analyzed in this work, the material under test is a one-directional carbon-fiber/epoxy composite used in 
the aeronautic industry. This composite can be considered as a transversely isotropic material with five independent 
elastic constants in the elastic tensor Cj,k, given by:  
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      Here the fibers are aligned in the x3 direction and the sample is rotated around the x2 or x3 axis. From the 
experiments the propagation times or the phase velocity along a given direction are obtained. In the end, the elastic 
constants are determined by minimizing the objective function: 
    ԋ ൌ σ ሾሺȟݐ௘௫௣ሻ െ ሺȟݐ௡௨௠ሻሿଶே೐ೣ೛௜ୀଵ       (3)  
where ݅ ൌ ͳǡǥ ǡ ௘ܰ௫௣ are the experimental points, where the transit time 't is measured. The set of experimental 
data comes from different propagation directions and different phase velocities. In the case of the through 
transmision, the delay time introduced by the sample can be expresed as [2] [5]: 
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    Here tw is the transit time in water, and ts is the transit time when the sample is placed in the propagation path. In 
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Figure 1 the incident angle תi is indicated. For each incident angle, the refracted angle תr can be obtained from the 
Snell law. The propagation velocity in water Vw is a function of the temperature T, whereas the the phase velocity in 
the material depends both on the temperature and on the incident angle. The Equation (4) can be generalized  in 
order to determine the transit time for multiple reflections inside the sample: 
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Here, n is the number of transmitted wave, n=1 corresponds to the direct transmission, n=2 the first internal 
reflection, and so on. Equation (5) assumes that no mode conversion occurs in the internal reflections. Similar 
expressions can be obtained for the case of mode conversion. The objetive function to obtain the parameters in the 
model (2) can be performed using time as in (3) or using the velocities [2][5]. However, the inversion to obtain the 
velocities from (5) is not trivial and the minimization using the time is the best option.  
3. Experimental results 
The Equation (5) allows the computation of the difference between the times of flight in water with no sample 
and with the sample. Figure 2 presents typical experimental curves. The continuous red line, for a normal incidence 
(ߠ௜ ൌ Ͳ), shows the direct transmission and multiple reflections for longitudinal waves. The blue dashed line, for a 
rotation of 40o around x3 axis, shows only the transmitted slow shear wave. Using these experimental curves of each 
transmission, a colormap showing the evolution of each wave can be constructed, as shown in Figure 3. In this 
figure, each row is an experimental signal for a given incidence angle, corresponding to a rotation in x3. 
 
Fig. 2. Transmitted waves in an anisotropic plate. Dotted black, transmitted in pure water. Continuous red, normal incidence. Dashed blue, slow 
shear wave existed in rotation of 40o around x3 axis. 
 
Fig. 3. Evolution of transmitted waves as a function of the incident angle. Colormap is the logarithmic plot of the absolute value for each 
experimental signal. Lines are the results of theoretical model. Continuous red line is the direct transmission longitudinal wave. Dashed red lines 
are longitudinal internal reflections. Blue line is the slow shear wave. Dotted black lines are the internal reflections with mode conversion. 
On this diagram (Fig. 3), the theoretical results of Eq (5) can be superposed to identify the origin of each 
propagation mode in the sample. The optimization algorithm minimized the objective function stated in (3) for the 
propagation times in the through transmission. This strategy is the usual in the literature and is justified by the better 
definition of the pulses in the through transmission.  However, as in Fig. 4, the shear wave is superposed with the 
internal reflections for angles higher than 30o. This superposition is not considered in the solution of Christoffel’s 
equation, Eq. (1).  In this way, the consideration of the multiple reflections helps in the selection of the proper 
experimental data to adjust the model. This diagram can be used to verify the solution after the optimization process. 
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After the solution is found, the complete set of reflections can be superposed in Fig. 3, improving the verification of 
the solution. Finally, a set of adjusted data for the rotation in x2 (rotation axis perpendicular to composite fibers) and 
x3 (rotation parallel to composite fibers) is shown in Fig. 4.  
 
Fig. 4. Experimental time of flight for the transmitted waves. Red dots are the longitudinal waves, rotation axis are indicated in the diagram. Blue 
dots are the slow shear wave existed in the rotation on x3. Green dots are the fast shear waves existed in rotation on x2. 
The minimization algorithm was implemented in Matlab using the classic Nelder-Mead nonlinear optimization 
[6]. To construct the algorithm, a sensitivity analysis is performed to associate the parameters in the model with a 
parameters subset. In this case, the solution is reduced from a five dimensional problem to three sub-problems. The 
parameter C12 is linked to the slow shear wave and the parameter C33 is linked to the longitudinal waves in the x2 
rotation. Finally, the subset C13, C11 and C44 is linked to the fast shear and the longitudinal in the x3 rotation. As an 
application example, the results obtained for a set of equally manufactured samples is presented in Table 1. The 
samples have the same manufacturing process, but they are not identical, presenting different thicknesses and sizes.  
Table 1. Results over a set of equally manufactured unidirectional carbon-matrix composites.  
 C11 C12 C13 C33 C44 
Mean value (GPa) 15.48 7.76 5.52 104.83 6.85 
Standard deviation (GPa) 0.44 0.31 1.14 1.78 0.42 
4. Conclusions 
Analytical equations of the internal reflected waves are obtained in order to compute the theoretical propagation 
times for these internal reflections. The internal reflections in thin plates produce superposition with the shear waves 
for high incident angles. This superposition introduces errors in the identification of the model. To avoid the errors, 
the superposition can be verified before the optimization process by using tentative values for the Ci,j. After the 
model is optimized, the multiple reflections can be used to verify the solution. In this case the theoretical model 
must predict all observed waves in the experimental data. 
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